Abstract. The axial-injection end-burning hybrid rocket proposed twenty years ago by the authors recently recaptured the attention of researchers for its virtues such as no ξ (oxidizer to fuel mass ratio) shift during firing and good throttling characteristics. This paper is the first report verifying these virtues using a laboratory scale motor. There are several requirements for realizing this type of hybrid rocket: 1) high fuel filling rate for obtaining an optimal ξ; 2) small port intervals for increasing port merging rate; 3) ports arrayed across the entire fuel section. Because these requirements could not be satisfied by common manufacturing methods, no previous researchers have conducted experiments with this kind of hybrid rocket. Recent advances in high accuracy 3D printing now allow for fuel to be produced that meets these three requirements. The fuel grains used in this study were produced by a high precision light polymerized 3D printer. Each grain consisted of an array of 0.3 mm diameter ports for a fuel filling rate of 98% .The authors conducted several firing tests with various oxidizer mass flow rates and chamber pressures, and analysed the results, including ξ history, using a new reconstruction technique. The results show that ξ remains almost constant throughout tests of varying oxidizer mass flow rates, and that regression rate in the axial direction is a nearly linear function of chamber pressure with a pressure exponent of 0.996.
Introduction
Recently, engineers and researchers have turned their attention to developing hybrid rocket motors for their numerous advantages over liquid bi-propellant and solid rocket motors. Because the fuel and oxidizer are physically separated and stored in different phases, hybrid rocket motors are considerably safer than their counterparts. Furthermore, hybrid rockets require only one feed system, which equates to greater reliability than liquid bi-propellant motors for throttling, thrust control, manoeuvring, motor shutdown, and restart.
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Fig. 1 (a) Schematic of a conventional hybrid rocket and (b) axial-injection end-burning hybrid rocket
Fig. 1(a) shows a conventional hybrid rocket configuration. The conventional configuration commonly consists of a solid phase tubular fuel and a liquid phase oxidizer. Oxidizer passes through the solid fuel port and combustion occurs in this port as a boundary-layer combustion. Hybrid rocket development up to now has exposed several weak points, one of the most important being a ξ (oxidizer to fuel mass ratio) shift during firing and throttling (Chiaverini and Kuo 2007) . Although throttling capability is a virtue of hybrid rockets, the accompanying ξ shift results in a loss of specific impulse and potential increase in residual propellant weight (Barato at el. 2014) . In fact, even without any throttling, ξ tends to increase during firing as the fuel port diameter increases and the regression rate decreases.
To overcome this defect, Nagata et al. (1997) proposed an axial-injection end-burning hybrid rocket. Fig. 1(b) shows the basic idea. A key point of this idea is that a motor uses a cylindrical fuel with an array of many small ports running in the axial direction, through which oxidizer gas flows. A diffusion flame stabilizes at each port exit. The burning surface area changes with time just after ignition due to a micro-flame at each port exit propagating upstream. Because each port exit expands with time, neighbouring ports eventually merge with one another. After this initial transient, no ξ shift occurs during firing because the burning surface area no longer changes.
The first researchers to pursue an axial-injection end-burning hybrid rocket were Kato et al. (2001) , Hashimoto et al. (2001) , who carried out experimental investigations on the combustion of tobacco-filter-like fuel, in which oxidizer gas flows through the gaps of a fibrous fuel bed. They reported that when oxidizer velocity exceeded the blow-off limit, a flame stabilized at the end of the fuel, and that the flame's traveling velocity i.e. regression rate depends on chamber pressure. Because this regression characteristic is similar to that of solid rockets, they calculated the regression rate as a function of pressure as opposed to a function of propellant mass flow density, the approach commonly used for hybrid rockets. Their results indicated that the pressure exponent is almost 0.85, and they also reported that this axial-injection end-burning hybrid rocket has the potential to obtain good thrust characteristics. Hashimoto and Nagata (2004) proposed an axial-injection end-burning hybrid rocket using stabilized combustion (Hashimoto et al. 2006 ) in a port of PMMA fuel. Fig. 2 compares stabilized combustion and common flame spreading combustion in a PMMA tube fuel similar to that used in their research.
Above a certain oxidizer velocity, stabilized combustion is achieved and the flame works to enlarge the local port exit surface. This stabilized combustion mode ensures that port exits merge with one another as shown in Fig. 1(b) , and burning area remains constant. The velocity of the flame traveling against the oxidizer flow corresponds to the regression rate of the axial-injection end-burning hybrid rockets. By studying combustion characteristics of a single port fuel under varying chamber pressure, Hashimoto and Nagata (2004) revealed that the regression rate depends on the chamber pressure according to Eq. (1)
where C 1 =1.34×10 -7 , and C 2 =1.61×10 -9 are constants, V f [mm/s] is the regression rate in the axial direction, V o [m/s] is the oxidizer velocity in a port and P c [Pa] is the chamber pressure. The pressure exponent n is given by them to be close to unity (=0.951). This means virtually no ξ shift occurs during throttling. Although they attempted to conduct firing tests of a laboratory scale motor, they were unable to obtain stable end-burning regression. Based on these trials, they explained three requirements for a successful axial-injection end-burning motor: 1) high fuel filling rate for obtaining an optimal ξ; 2) small port intervals for increasing port merging rate; 3) ports arrayed across the entire fuel section. Because the manufacturing technology at that time was insufficient to produce a motor which satisfied these requirements, their research progress came to a halt.
Recently, Li et al. (2015) reported an axial-injection end-burning mode obtained in static firing tests with a laboratory scale motor. However, their understanding of "axial-injection end-burning" is different from the one suggested by Hashimoto and Nagata (2004) . The axial-injection endburning mode in their paper does not have the virtues of the one discussed in this paper, such as the outstanding throttling characteristics. Since there were too few ports and the port interval was too large, their opposed propagating mode, corresponding to our original idea, could not reach a steady state. Matthew et al. (2015) investigated experimentally and analytically the regression characteristics of axial-injection end-burning hybrid rocket fuels using 15-100 micron port diameter porous fuel rods. They conducted combustion experiments under varying chamber pressures and observed the regression rate. Their results indicated that the regression rate is a function of chamber pressure and its exponent n is close to unity. Additionally, they attempted to model the regression of axial-injection end-burning hybrid fuel using their experimental data and the Granular Diffusion Flame model. Although their study recreated the end burning regression characteristics achieved by Hashimoto and Nagata (2004) , the fuel grain did not satisfy the requirement of high fuel filling rate.
Recent progress in 3D printing changed the situation; it is now possible to make any shape of solid fuel. Nagata et al. (2015) used this high accuracy 3D printer technology to satisfy the three requirements previously mentioned. From experimental data, they showed that no ξ shift occurred during firing, but they did not report on the regression characteristics. Until now, there had been no investigation on regression characteristics of an axial-injection end-burning fuel that has an array of small ports and satisfies the requirement for high fuel filling rate. Additionally, the good throttling characteristics indicated by single port experiments (Hashimoto and Nagata 2004) had not been confirmed by the static firing test of a motor. This paper analyses experimentally obtained regression rate and validates the outstanding throttling capability of axial-injection end-burning hybrid fuels having numerous small ports by a laboratory scale motor for the first time.
Material and methods

Fuel grain
The fuel grains are manufactured by a high precision light polymerized 3D printer. The fuel material is an ultraviolet curable resin consisting of 80% to 90% acrylic acid ester, 5% 
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hexamethylene acrylate, and photopolymerization initiator. Diameter and length of the fuel grain are 20 mm and 50 mm, respectively. The grain is composed of an array of 85 ports that are 0.3 mm in diameter at 2.0 mm intervals. As a result, a high fuel filling rate of 98.1% is attained. All fuel grains satisfied the three requirements given above for the axial-injection end-burning hybrid rockets.
All fuels were inspected by passing a 0.009 gauge (diameter 0.229 mm) guitar string through each port. Fuel port accuracy is discussed in section 3.2. The fuel diameter D [mm] was measured using a digital slide gauge before firing. The average fuel diameter was 19.8 mm and the standard deviation was 0.04 mm. This error corresponds to a 1.14 mm 2 standard deviation for area. The theoretical characteristic exhaust velocity C * th [m/s] for this fuel was calculated by CEA code (Gordon and McBride 1994) and was employed for data reduction. 
Experimental setup
In total, the results of twelve firing tests, labelled test-1 to 12, are analysed in the following section. Fig. 4 shows the outline of the experimental apparatus used. It mainly consists of an oxygen tank, a nitrogen tank and a combustion chamber. There are 3 oxidizer lines with solenoid valves, needle valves and non-return valves for flow/non-flow control, controlling gas flow rate and preventing return flow of gas, respectively. The oxidizer flow timing was controlled by LabVIEW7. A digital video camera monitors the exit of the exhaust nozzle.
The oxidizer mass flow rate through the needle valve was measured by a mass flow meter before each firing. The mass flow meter used was a CMS200 (azbil) and the sensor error was plus/minus 3% of measured value plus one digit (2.2×10 -2 g/s). Pressures upstream of the mass flow meter, fuel, and nozzle were measured as shown in Fig. 4 . The chamber pressure was measured using PBH-A-2MP (Kyowa) and the sensor error was plus/minus 0.00104 MPa. Fuel weight was measure by using an Fz-300i (AND) electric scale with an accuracy of plus/minus 0.010 g. Fig. 5 shows a schematic of the test motor. Oxygen flows into the combustion chamber from the left and enters the fuel grain from the left end face. The nozzle is a sonic type with an inner diameter of 2.5 mm in all tests. Fig. 5 also shows how the end face of the fuel grain is ignited. To -2 g/s), the Somen is ignited by heating a Nichrome wire, and the resulting flame spreads into the chamber through the nozzle. Because it is important to ignite the entire end surface at once, a sponge is placed in front of the fuel grain end. When smoke is detected coming from the nozzle, the flame from the Somen has reached the Sponge. At this point, the gas oxygen feed is increased to a mid-operating level (0.3 g/s). This procedure plays an important role in ensuring ignition of the entire end surface, and thus in preventing back-firing through a port. After 5 s of operation, the oxygen supply is increased to a high-operating level. The entire procedure described above is controlled through the LabVIEW controlled needles.
Data reduction
To obtain the history of ξ during firing, the data reduction method explained below is employed (Nagata et al. 2014) . This data reduction method uses chamber pressure, oxidizer mass flow rate, and total fuel consumption as input data. NASA's CEA code (Gordon and McBride 1994) was used to calculate C * th employing the "infinite area combustor" model with the shifting-flow assumption. Experimental data was filtered by 10-period running averages and used as input data for the reconstruction technique. Therefore, the original time resolution of 200 Hz reduced to 20 Hz.
By introducing the efficiency of characteristic exhaust velocity η [-] , which we assume to be constant during firing, we can obtain the following equation By assuming a value for η, we can use Eq. (2) to calculate ξ. The bisection method with a stopping criterion of 10 -6 convergence was employed to solve the equation. We call this method "RT-1," and denoted values obtained by this method with subscript 1 "ξ 1 " to avoid confusion. Using this method, we encountered the problem of multiple solutions, reported by Nagata et al. (2014) . As a result of the multiple solutions, we obtained a highly fluctuating ξ 1 history. Fig. 6 shows chamber pressure in red, and ξ as calculated by RT-1 in grey for test-5, which encountered the multiple solution problem. The value of ξ 1 has large fluctuations which do not coincide with chamber pressure history. In an effort to avoid this multiple solution region, we made a new calculation method called "RT-2". 
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Integrating Eq. (6) gives the overall fuel mass consumption during firing The value of η is adjusted so that M f,cal agrees with the experimental value M f .
Since this reconstruction technique, RT-2, avoids the multiple solutions problem, ξ 2 has a smaller fluctuation than ξ 1 . Refer to Appendix-A for a detailed discussion of RT-2. Fig. 7 shows chamber pressure and oxidizer mass flow rate histories in test-8. As previously mentioned, an ignition and supply sequence lasting 5 seconds is employed to ensure complete end surface ignition. Following this sequence, a steady state oxidizer mass flow rate is set, and chamber pressure in turn increases to a steady state value. After an overall initial transient of about 10 seconds, chamber pressure is maintained at an almost constant value. Fig. 8 shows the ξ history and regression distance L f [m] obtained by RT-2, where L f is calculated by integrating the regression rate over time. Fig. 9 shows the fuel grain after firing in test-8. 1.9×10
Results and discussion
Firing results
 [-] Regression distance, L f [mm]
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1.6 * Average value during the steady state region of firing test before and after firing. Note that regression seems to occur only at the end surface of the fuel. Fig.  9 (b) shows port regression in detail using backlighting. It can be observed that each port end regresses into a tulip shape. During regression, the ports maintain this tulip shape as they merge with one another, hence the mechanism from which burning area is kept constant. From the results as shown in Figs. 8 and 9 , we can recognize the axial-injection end-burning combustion mode for test-8. 
where R is the specific gas constant for oxygen (=260 J/(kg K)), and T is the temperature(=293 K). According to Table 1 , the oxidizer to fuel ratio ξ in each test was around 0.8, which is far from the optimum value of around 1.5 corresponding to maximum C * in Fig. 3 . The reason for this discrepancy is that the fuel grains were designed for optimum ξ according to Eq. (1), which was derived for single port fuel grains. Values much lower than this optimum were observed in the actual experiments, meaning that the regression rate of axial-injection end-burning hybrid rockets is higher than predictions made using Eq. (1). A detailed discussion of the regression rate is carried out in section 3.3.
Error analysis
To obtain an error bias for ξ, regression rate V f (calculated by Eq. (7)), and oxidizer velocity V o (calculated by Eq. (10)), an error analysis was performed according to the method introduced by Frederick and Greiner (1996) . The error bias B α for arbitrary test variable α is determined by Eq. (11), where x i is the parameter for α, B xi is the error bias for x i parameter error, and ∂α/∂x i represents x i sensitivity for α. ( )
In these firing tests, A t is not considered in the error analysis of ξ because nozzle erosion did not occur. We estimated the error bias of solving for ξ using the reconstruction technique by calculating ξ history when P c , o m  and M f are scaled 10%. The V f and V o bias were calculated using Eq. (7) and Eq. (10). Additionally, we have to consider the accuracy of the 3D printing process when determining fuel filling rate a. To do so, we estimated a using Eq. (13)
where N is the number of ports, L is fuel length (almost 50 mm), μ is viscosity coefficient of oxygen (=1.92 Pa s), Q is volumetric flow rate (almost 3.3×10 -4 m 3 /s) and ΔP [Pa] is pressure loss. Eq. (13) comes from the relation for the pressure loss in laminar pipe flow. The derivation of Eq. (13) is explained in Appendix-B. We removed the nozzle from the experimental apparatus depicted in Figs. 4 and 5, and measured chamber pressure upstream of the fuel for varying oxidizer flow. Nine tests for a estimation were conducted. The results showed that the average filling rate a was 98.1% and the standard deviation for a was 0.4%. Therefore, the error bias of a, B a is 0.4%. B are the error biases of o m  , ξ , V f , and V o , respectively. As mentioned earlier, the error bias for P c , M f and A f is 0.00104 MPa, 0.01 g and 1.14 mm 2 , respectively.
Regression characteristics
To investigate the regression characteristics, we conducted several firing tests with various oxidizer mass flow rates and chamber pressures as shown in Table 1 . As can be seen in Fig. 1 , the regression characteristic of an axial-injection end-burning hybrid rocket is very different than that Fig. 10 Effect of chamber pressure on regression rate Fig. 11 Effect of oxidizer mass flow rate on ξ and theoretical calculation of a conventional hybrid rocket. Whereas a conventional hybrid rocket has a regression rate that is a function of the propellant mass flow density, the axial-injection end-burning hybrid tested here has a regression rate that is a function of the chamber pressure. This tendency was recognized by Hashimoto and Nagata as suggested by Eq. (1) (Hashimoto and Nagata 2004) . Additionally, the oxidizer velocity in a port influences regression rate. As mentioned in section 3.1, the oxidizer velocity varied for all tests. Therefore, we determined the regression rate using Eq. (14). Fig. 10 shows the test results. The error bars in the figure come from the error analysis as explained in section 3.2. The trend line shown in the figure was fitted to the data using the least squares method, and the resulting pressure exponent n is thereby found to be 0.996; C 3 =9.34×10 . This pressure exponent n is close to the value of 0.951 reported by Hashimoto and Nagata using PMMA fuels (Hashimoto and Nagata 2004) , as well as the value of 1.05 reported by Matthew and Frederick (2015) using polyethylene fuels. All of these findings lead to the conclusion that regression rate for axial-injection end-burning hybrid rockets depends on : Experimental value : a =98.5% : a =97.7% pressure, and the pressure exponent is close to unity.
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The fact that n is close to unity means that ξ does not shift during throttling operation. Fig. 11 clearly shows this virtue. In Fig. 11 , the horizontal and vertical axes are the oxidizer mass flow rate and ξ, respectively. The error bars come from the error analysis as explained in section 3.2. To confirm the validity of the observed regression rates, we calculated regression rate using Eq. (14). Fig. 11 shows the calculated results as solid lines. Using Eqs. (2), (6), (7), (10), (14) and the CEA code (Gordon and McBride 1994) , we calculated ξ at each oxidizer mass flow rate and fuel filling rate. As mentioned in section 3.2, the fuel filling rate a varied due to the manufacturing accuracy for the fuel grain. Therefore, we consider a range for a from 97.7% to 98.5% corresponding to the error bias of 0.4% error at the averaged value 98.1%. In Fig. 11 , with the exception of two points, all values fall within one standard deviation as determined according to error bias B a . These results show no clear trend for the effect of oxidizer mass flow rate on ξ. In turn, this lack of sensitivity supports the claim that axial-injection end-burning hybrid rockets have good throttling characteristics. In other words, during a throttling process, ξ stays at a nearly constant value.
Conclusions
For the first time, a laboratory scale motor was used to analyse the regression characteristics and verify the throttling capability of axial-injection end-burning hybrid fuels having numerous small ports. High accuracy 3D printing allows for the production of fuel that satisfies the requirements for axial-injection end-burning hybrid rockets as defined in this paper. An instantaneous oxidizer to fuel mass ratio ξ was calculated using a new data reduction method, and found to remain nearly constant during firing. The regression rate in the axial direction depended on pressure with an exponent of 0.996. Results from firing tests show that ξ remains almost constant regardless of the value of the oxidizer mass flow rate, and confirm that axial-injection end-burning hybrid rockets exhibit superb the throttling characteristics. (1+1/ξ) may correspond to multiple values of ξ in the region 0.5<ξ<1.5. This is why the solutions for ξ determined by RT-1 may display large oscillations inconsistent with the observed chamber pressure history. The calculation method RT-2 can avoid this multiple problem because it uses Eq. (5) instead of Eq. (2). Equation (5) uses a pre-determined value for ξ obtained by Eq. (4), which uses an averaged C * value as opposed to that determined using Eq. (2). Fig. A2 shows. This behaviour clearly shows the difficulty of obtaining ξ in the multiple solution range using RT-1. On the other hand, the ξ 2 history does not have fluctuations like that of ξ 1 , demonstrating that RT-2 can avoid the multiple problem as previously mentioned. As can be seen in Fig. A2 , when the orange solid lies outside of the multiple solution range, ξ 2 closely follows ξ 1 . Therefore, we can use RT-2 to overcome the difficulty of determining ξ in the multiple solution region with an acceptable level of uncertainty. A full investigation of the accuracy of RT-2, such as that reported by Nagata et al. (2014) for RT-1, is necessary but out of the scope of this paper. 
